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High-order quasi-linearization procedures were developed for identification of nonlinear dynamic systems

modeled by a parameter-dependent linear-fractional transformation containing a linear dynamic system in the

feedforward pass and a static nonlinear element in the feedback loop. The developed procedures enable estimation of

unknown parameters of both linear and nonlinear components of themodel. The proposed approach for synthesis of

the high-order quasi-linearization procedures enables construction of a variety of estimation algorithms. Two third-

order-of-convergence estimation algorithms are constructed and compared with the second-order-of-convergence

classical Bellman–Kalaba quasi-linearization procedure. A numerical application for an unmanned aerial vehicle is

used to demonstrate the developed technique. Parameters of the vehicle linear aeroservoelastic model and of the

nonlinear damping are estimated. Simulation results demonstrate that the range and rate of convergence of the

suggested third-order methods are greater than those of the second-order quasi-linearization technique.

Nomenclature

A, B���, C���, D��� = state-space matrices
Ah0;1;2, Dh, E = rational aerodynamic approximation

matrices
aij = parameters of interpolation function
f��; �� = nonlinear function of the feedback element
I = identity matrix
J = performance index
M������ , H

���
��� , G

���
���,

L������, N
���
��� , �

���
���

= matrix coefficients of the linearized linear-
fractional-transformation model

�M������,
�H������, ��

���
��� = matrix coefficients of the linearized state-

space model
Mhc = mass coupling matrix between control and

structural modes
Mhh, Bhh, Khh = generalized mass, damping, and stiffness

matrices
p, q = input and output vectors of the nonlinear

element
q1 = dynamic pressure
R = aerodynamic lag matrix
r = order of convergence
V = true airspeed
x, u, y, v = state, input, output, and measurement noise

vectors
Yz = sensitivity function of measurements to

initial conditions and parameters
z = extended state vector
�, �, � = vectors of unknown parameters
�ij = parameters of interpolation function
�c = control-surface commanded deflections
� = particular solution of the linearized system
� = vector of generalized displacements

	nh, 	nc = normal and control modes for the
nonlinearity degrees of freedom

	yh, 	yc = normal and control modes for the output
degrees of freedom

� = fundamental matrix of the linearized system

I. Introduction

S YSTEM identification plays a considerable role in aerospace
design as an important tool in flight vehicle modeling, control,

and data analysis [1]. A retrospective on the development of modern
parameter identification methods and software presented in [2]
demonstrates continuous interest in this problem.

This paper presents a quasi-linearization-based approach for
parameter estimation of the systems described by a state-space
linear-fractional-transformation (LFT) model containing a linear
time-invariant system in its feedforward pass and a static nonlinear
element in the feedback loop. An LFT approach to parameter
estimation has been provided in [3]. The parameters to be estimated
appear in this approach as a separate feedback block of the LFT
accomplished by known static nonlinear and time-varying linear
feedback elements. The parameter estimation is performed using a
gradient-based optimization technique. Identification of unknown
dynamics of aeroelastic systems using the LFT framework was
suggested in [4]. Feedback-interconnected models were used in [5]
for block-oriented identification of static nonlinearities in nonlinear
aeroelastic systems.

The quasi-linearization technique applied in this study was
developed by Bellman and Kalaba [6]. It presents a general approach
for solution of various problems of mathematics and control (e.g.,
solution of ordinary and partial differential equations with initial and
boundary conditions) [6–8]. The basic principle of quasi
linearization is representation of a nonlinear problem as a sequence
of linear problems. This leads to the iterative technique based on the
solution of the constructed sequence of the linear problems
approximating the original nonlinear one. When the conditions of
convergence are fulfilled, the sequence of the solutions of the linear
problems is converged to the solution of the nonlinear problem. The
quasi linearization may be considered as a generalization of the
Newton–Raphson technique to solve problems in a functional space
[7]. On the other hand, it may be considered as a realization of the
abstract Newton–Raphson method (or Newton–Raphson–Kant-
orovich method), in which the problem is solved in the Banach space
of all continuous differentiable functions satisfying prescribed
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boundary conditions [8]. To expand the region and increase the rate
of convergence of the quasi-linearization algorithms, high-order
methods for solution of functional equations can be employed for
synthesis of the quasi-linearization procedures. Quasi-linearization
algorithms based on the third-order-of-convergence methods of
tangent parabolas [9,10] and hyperbolas [10,11] were suggested in
[8] for solution of two-point boundary value problems. A class of
high-order quasi-linearization algorithms for solution of the
identification problem was developed in [12]. The synthesis of
these algorithms is based on a proposed technique enabling
construction of the quasi-linearization procedures of the required
order of convergence. This technique enables constraining of the
highest order of the derivatives of the model nonlinearities with
respect to the states and estimating parameters to be used in the
iterative procedure. As indicated in the detailed survey of Hamel and
Jategaonkar [13] the quasi-linearization technique is applied in
aerospace industries for aircraft parameter estimation (see [14–16]).

This study presents the high-order quasi-linearization technique
for identification of the LFT-modeled dynamic systems, particularly,
aeroelastic/aeroservoelastic (ASE) systems. In Sec. II of the paper, a
brief description of the quasi-linearization technique for
identification of the systems described by standard state-space
models is presented. The LFT-modeled systems are considered in
Sec. III. This study focuses on parameter estimation of the LFT
interconnection containing unknown parameters in both linear and
nonlinear components of the model. Sections IV and V present the
second- and high-order techniques for identification of the LFT-
modeled systems. The numerical example in Sec. VI demonstrates
the application of the developed identification procedures for
parameter estimation of the ASEmodel of a generic unmanned aerial
vehicle (UAV). The ASE model of the UAV contains actuator
nonlinear damping for which the parameter is estimated together
with the parameters of the linear dynamic system. Results of
comparison of the convergence range and rate of the suggested quasi-
linearization algorithms are presented.

II. Quasi-Linearization Technique
for System Identification

Consider a problem of identification for a nonlinear state-space
model:

_x� ~��x; �; u; t�; x�t0� � x0 (1)

y� ~h�x; �; u; t� � v�t� (2)

where � is the vector of unknown time-invariant parameters, v is the

vector of measurement noise, and ~���� and ~h��� are the nonlinear
vector functions.

The model of Eqs. (1) and (2) can be written in extended state
space to obtain a compact formulation of the identification problem
[7]:

_z���z; u; t�; z�t0� � z0 (3)

y� h�z; u; t� � v�t� (4)

where z� �xT �T �T is the extended state vector, and the vector
function ���� is defined as

��z; u; t� � � ~�T�x; �; u; t� 0 �T

The problem of identification is to obtain the estimates of the
vector of initial conditions x0 and parameters � using the
measurements of the system inputu�t� and output y�t�. The estimates
must minimize the certain performance index, which is usually
defined as

J�
XN
i�1
�y�ti� � yM�ti��TQ�ti��y�ti� � yM�ti�� (5)

where yM�t� is the vector of the model outputs, Q�t� is the positive-
definite symmetric weightingmatrix, andN is the number of discrete
measurements of the vector y.

The quasi-linearization technique is based on the representation of
a nonlinear problem as a sequence of linear problems. The classic
Bellman–Kalaba algorithm applies linearization based on the first-
order Taylor series expansion of the nonlinear model about the kth
approximation of the vectors of states and parameters to be
estimated. The resulting linearized model is expressed as

_x k�1 � ~�k �
@ ~�k

@xk
�xk�1 � xk� �

@ ~�k

@�k
��k�1 � �k�

xk�1�t0� � x0;k�1
(6)

yk�1 � ~hk �
@ ~hk
@xk
�xk�1 � xk� �

@ ~hk
@�k
��k�1 � �k� (7)

where xk�1 and x0;k�1 are the k� 1 approximations of the vectors x
and x0, and where

~� k � ~��xk; �k; u; t�; ~hk � ~h�xk; �k; u; t�

This linearization leads to a sequence of linear least-squares
problems. When the conditions of convergence are fulfilled, the
sequence of the solutions of the linear problems is converged to the
solution of the nonlinear problem. Sufficient conditions for
convergence of the quasi-linearization iterative process are provided
in [6]. These conditions can be applied for the identification problem

of Eqs. (1) and (2) if the measurement function ~h��� is linear with
respect to x and the measurement noise can be ignored [i.e.,
y�t� � Cx�t�]. Then the quasi-linearization process is converged

quadratically if the function ~��x; �; u; t� is convex and if the off-

diagonal elements of the matrix function @ ~�=@x are positive [17].
These requirements are rather strict and provide conservative
evaluation of the convergence range.

III. Nonlinear LFT Model of an
Aeroservoelastic System

The nonlinear LFT model under consideration is represented by
the following equations:

_x� A���x� B1���u� B2���q; x�t0� � x0 (8)

y� C1���x�D11���u�D12���q� v (9)

p� C2���x�D21���u�D22���q (10)

q� f�p; �� (11)

where x, u, and y are the vectors of states, inputs, and outputs of the
system, as shown in Fig. 1; p and q are the vectors of inputs and
outputs of the nonlinear static element defined by the nonlinear
function f���; and � and � are the vectors of unknown parameters of
the linear system and nonlinear element.

The linear time-invariant system forming the feedforward pass of
the model is described by the matrices A, Bj, Ci, and Dij of

Fig. 1 State-space nonlinear LFT model.
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Eqs. (8–10). The matrices A, B1, C1, and D11 define the nominal
linear system. The matrices B2, C2, D12, D21, and D22 define
additional inputs and outputs for interconnection of the linear system
with the nonlinear element of Eq. (11). For theASE systems, the term
B2q of Eq. (8) defines the generalized forces introduced to the system
by nonlinearity f���. The terms D12q and D22q are the components
added to the system outputs by this nonlinearity. ThematricesC2 and
D21 are required for construction of the output p, which is not a
physical output of the system, but a variable required for generation
of the forces q introduced by the nonlinear element (for example, if q
represents nonlinear damping forces, then p is the structural
velocity).

State-space ASE modeling is based on the rational approximation
of the unsteady generalized aerodynamic force matrices in the
Laplace domain, of the form [18,19]

~Qh�s� � Ah0 �
b

V
Ah1s�

b2

V2
Ah2s

2 �Dh

�
Is � V

b
R

��1
Es (12)

where R is the aerodynamic lag matrix and Ahi, Dh, and E are the
rational aerodynamic approximation matrices that are determined in
a nonlinear least-squares solution [19]. TheAhi andE approximation
matrices are column-partitioned according to the structural, control,
and gust modes as

Ahi � �Ahhi Ahci AhGi � �i� 0; 1; 2�

and

E� �Eh Ec EG �

For the ASE plant with actuator inputs u and sensor outputs y, the
state vector x includes generalized structural displacements � and

velocities _�; aerodynamic states xa; and actuator states �c, _�c, and ��c
(representing control-surface commanded deflections, velocities,
and accelerations); leading to the state vector

x�
h
�T _�

T
xTa �Tc _�

T
c

��
T
c

i
T

The matrices A, B1, and D11 of Eqs. (8) and (9) are constructed
according to [18] as

�A� � Aae Bae
0 Aac

� �
; �B1� �

0

Bac

� �
; �D11� � 0 (13)

with

Aae �
0 I 0

� �M�1hh �Khh � �M�1hh �Bhh �q �M�1hhDh

0 Eh
V
b
R

2
4

3
5

Bae �
0 0 0

� �M�1hh �Khc � �M�1hh �Bhc � �M�1hh �Mhc

0 Ec 0

2
4

3
5

where

�Mhh �Mhh �
q1b

2

V2
Ahh2 ;

�Khh � Khh � q1Ahh0

�Bhh � Bhh �
q1b

V
Ahh1

�Khc � q1Ahc0
; �Bhc �

q1b

V
Ahc1

�Mhc �Mhc �
q1b

2

V2
Ahc2

and the matrices Aac and Bac are obtained from the state-space
representation of the control-surface actuators.

In the current study, definition of the matrices Ci of Eqs. (9) and
(10) is generalized to include control-surface commanded
deflections, velocities, and accelerations. A control-surface
deflection is expressed as a superposition of the structural
displacements due to elastic deformations of the structure and the
displacements induced by control command. The deflection of a
structural or aerodynamic degree of freedom is expressed as

y1 � 	yh�� 	yc�c (14)

where 	yh and 	yc are the matrices of the normal and control modes
for the degrees of freedom prescribed for the output. A control mode
is defined by the displacement vector of the undeformed aircraft, with
a unit deflection of one control surface [20]. Therefore, the second
term of Eq. (14), representing a control-surface commanded
deflection, is zero for the rest of the aircraft structure, except the
control surface. According to Eq. (14) and the component
representation of the state vector shown earlier, the matrix C for
displacement measurements is presented as

Ci � �	yh 0 0 	yc 0 0 � (15)

The velocities and acceleration measurements are obtained with

Ci � � 0 	yh 0 0 	yc 0 � (16)

and

Ci � 	yhA�2� � � 0 0 0 0 0 	yc � (17)

where A�2� is the second block row of the matrix A, corresponding to

the �� component of the vector _x.
Construction of thematricesB2,C2,D12,D21, andD22 is shown in

detail in [21]. For example, these matrices constructed for modeling
of the local nonlinear damping are expressed as

B2 �
0

� �M�1hh 	
T
nh

� �
; C2 � � 0 	nh 0 0 	nc 0 �

Dij � 0

(18)

where 	nh and 	nc are the normal and control modes for the degrees
of freedom involved in the nonlinearity modeling.

The model of the closed-loop system is obtained by augmentation
of the presented ASE plant model with the control-system state-
space model, as shown in [21].

The LFT model of Eqs. (8–11) is an adequate representation of
aerostructural systems, with internal structural and aerodynamic
forces being presented as a function of displacements, velocities, and
accelerations of the structure [21]. Control-system nonlinearities are
presented in the LFT framework as well. The LFTmodel enables use
of a priori knowledge about theASE system to be identified.Usually,
an initial linear model of the ASE system is built before the
identification process, using structural and aerodynamic models of
an aircraft. Another advantage of the LFT interconnection is its
flexibility. It enables modeling of local nonlinearities of the system
(nonlinear control-surface actuators, external store attachments or
aerodynamics, hinge friction, etc.) as well as global nonlinearities.
The local nonlinearities are described by the variables p and q,
representing physical degrees of freedom of the structure
(displacements, forces, etc.), and the global nonlinearities are
presented by the modal coordinate p and q. Different nonlinearities
can be applied without or with minor altering of the linear model,
because the matricesA,B1,C1, andD11 are invariant to nonlinearity.
The LFT model is general; for example, the Hammerstein, Wiener,
and feedback models are particular cases of the LFT interconnection
[5].

IV. Quasi-Linearization Technique for Identification
of LFT-Modeled Systems

The problem of identification of an LFT-modeled system defined
by the model of Eqs. (8–11) is to obtain the estimates of the vector of
initial conditions x0 and the vectors of unknown parameters � and �,
minimizing the performance index of Eq. (5).

According to the quasi-linearization technique, the model of
Eqs. (8–11) should be linearized to be presented in the form

_x k�1;j � �Mk;j
x xk�1;j � �Mk;j

� �k�1;j � �Mk;j
� �k�1;j � ��k;jx

xk�1;j�t0� � x0;k�1;j
(19)
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yk�1;j � �Hk;j
x xk�1;j � �Hk;j

� �k�1;j � �Hk;j
� �k�1;j � ��k;jy (20)

where xk�1;j, �k�1;j, and �k�1;j are the approximations of the vectors

x, �, and �; and �Mk;j
��� ,

�Hk;j
��� , and ��k;j��� are the coefficient matrices

depending on the kth approximations of x, �, and �. Although the

square matrices �Mk;j
��� and

�Hk;j
��� represent the homogeneous part of the

model, the vectors ��k;j��� accumulate all nonhomogeneous terms of the

initial model of Eqs. (8–11) and the nonhomogeneous terms obtained
in the linearization process (see Appendices A and B).

For the sake of consistency with the high-order algorithms to be
considered, the sub- and superscript j is presented in the preceding
equations. For the classic quasi-linearization technique, j is set to 1
and does not vary in the iteration process.

Construction of the linearized model of Eqs. (19) and (20) starts
with substitution of Eq. (11) into Eqs. (8–10):

_x� A���x� B1���u� B2���f�p; ��; x�t0� � x0 (21)

y� C1���x�D11���u�D12���f�p; �� (22)

p� C2���x�D21���u�D22���f�p; �� (23)

Performing the Taylor expansion about the kth approximation of
x, p, �, and � obtains the linear model with a linear feedback:

_xk�1;j �Mk;j
x xk�1;j �Mk;j

� �k�1;j � L
k;j
x N

k;j
p pk�1;j

� Lk;jx Nk;j� �k�1;j � �
k;j
x (24)

yk�1;j �Hk;j
x xk�1;j �Hk;j

� �k�1;j � L
k;j
y N

k;j
p pk�1;j

� Lk;jy Nk;j� �k�1;j � �
k;j
y (25)

pk�1;j �Gk;jx xk�1;j �Gk;j� �k�1;j � L
k;j
p N

k;j
p pk�1;j

� Lk;jp Nk;j� �k�1;j � �
k;j
p (26)

The matrix coefficients of Eqs. (24–26) for j� 1 are presented in
Appendix A.

By performing LFT operations, the model of Eqs. (24–26) is
transformed to the required model of Eqs. (19) and (20) with the
matrix coefficients provided in Appendix B. The resulting model of
Eqs. (19) and (20) can be written in extended state space to obtain a
compact formulation of identification algorithms. Define the
extended vector of the states as

zk�1;j �
h
xTk�1;j �

T
k�1;j �

T
k�1;j

i
T

Then the linearized model in extended state space becomes

_z k�1;j � �Mk;jzk�1;j � ��k;j; zk�1;j�t0� � z0;k�1;j (27)

yk�1;j � �Hkzk�1;j � ��k;jy (28)

where

�M k;j �
�Mk;j
x

�Mk;j
�

�Mk;j
�

0 0 0

0 0 0

2
4

3
5; �Hk;j �

h
�Hk;j
x

�Hk;j
�

�Hk;j
�

i

��k;j �
��k;jx
0

0

2
4

3
5

According to the quasi-linearization technique, the solution of
Eq. (27) is defined as

zk�1;j�t� ��k�1;j�t0; t�z0;k�1;j � �k�1;j�t� (29)

where�k�1;j�t0; t� and �k�1;j�t� are the fundamental matrix and the
particular solution of Eq. (27).

Equation (29) represents the estimate zk�1;j�t� of the extended
state vector z as a function of the estimate z0;k�1;j of the initial
conditions z0. Substituting Eqs. (28) and (29) into the performance
index of Eq. (5) obtains the linear least-squares problem for the
estimate of the vector z0;k�1;j. Minimizing the performance index
J�z0;k�1;j� with respect to z0;k�1;j obtains

z0;k�1;j � V�1k�1;j
�XN
i�1

�k�1;j�t0; ti�T �Hk;j�ti�TQ�ti��y�ti� � ��k;jy �ti�

� �Hk;j�ti��k�1;j�ti��
�

(30)

where

Vk�1;j �
XN
i�1

�k�1;j�t0; ti�T �Hk;j�ti�TQ�ti� �Hk;j�ti��k�1;j�t0; ti�

Substituting the approximation z0;k�1 into the expression (29)
obtains the estimate zk�1�t� of the extended state vector z.

The presented quasi-linearization algorithm based on the first-
order Taylor series expansion guarantees the second order of
convergence in the convergence range.

V. High-Order Quasi-Linearization Technique

The high-order quasi-linearization technique was suggested in
[12] to expand the region and increase the rate of convergence of the
second-order procedure. The most general formulation of the high-
order technique is based on the interpolation function suggested in
[22] for solution of algebraic and transcendental equations. For the
nonlinear model of Eq. (3), this interpolation function is set as

�̂�zk�1; u; t� �
Xl
j�0

1

j!

Xrj
i�1

aij�
�j�
����
z�zk��ij�zk�1�zk�

�zk�1 � zk�j

(31)

where ��j���� is the jth derivative of ���� with respect to z.
The parameters aij, �ij are chosen to satisfy the conditions

�̂ �j��zk; u; t� ���j��zk; u; t�; j� 0; �r � 1� (32)

where r is the required order of convergence of the iterative
procedure.

The first-order Taylor approximation applied in the classic quasi-
linearization procedure can be obtained from Eq. (31) by setting
l� 1, rj � 1, aij � 1, and �ij � 0. This approximation satisfies the
requirements of Eq. (32) for j� 0, 1.

Two quasi-linearization algorithms of the third order of
convergence will be constructed for identification of the LFT-
modeled systems. These algorithms are chosen from a variety of
methods provided by the interpolation function of Eq. (31), because
their convergence is proved for solution of functional equations.

A. Quasi Linearization Based on the Method of Tangent Hyperbolas

The method of tangent hyperbolas for solution of functional
equations was suggested in [11]. It guarantees the third order of
convergence, and so the error in the k� 1 iteration is proportional to
the cube of the error in the kth iteration [11]. This method is based on
the Taylor series expansion keeping the terms up to the second order.
It can be also obtained from the function of Eq. (31) by setting l� 2,
rj � 1, aij � 1, and �ij � 0.

The high-order quasi-linearization procedures employ a multistep
iteration scheme inwhich the accuracy of approximation is increased
step by step within each iteration. The number of steps is equal to the
method order of convergenceminus one. For themodel of Eq. (3), the
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method of tangent hyperbolas leads to a two-step iteration with the
linearized equations in the form

_z k�1;1 ��k �
@�k

@zk
�zk�1;1 � zk�

_zk�1;2 ��k �
@�k

@zk
�zk�1;2 � zk�

� 1

2

@2�k

@z2k
�zk�1;1 � zk��zk�1;2 � zk� (33)

It should be noticed that the first step of the high-order procedure
represents an iteration of the second-order algorithm. For the LFT
model of Eqs. (8–11), the first-step linearized model of Eqs. (19) and
(20) is defined by the matrix coefficients of Eqs. (A1–A7). The first
step results with the approximations xk�1;1, �k�1;1, and �k�1;1.
According to the method of tangent hyperbolas, the second step of
the iteration is based on the following approximation of Eq. (22)
[Eqs. (22) and (23) are similarly linearized]:

_xk�1;2 � A��k�xk � B1��k�u� B2��k�f�pk; �k�

� A��k��xk�1;2 � xk� �
@A��k�
@�k

xk��k�1;2 � �k�

� @B1��k�
@�k

u��k�1;2 � �k� �
@B2��k�
@�k

f�pk; �k���k�1;2 � �k�

� B2��k�
@fk
@pk
�pk�1;2 � pk� � B2��k�

@fk
@�k
��k�1;2 � �k�

� 1

2

@A��k�
@�k

��k�1;1 � �k��xk�1;2 � xk�

� 1

2

@A��k�
@�k

�xk�1;1 � xk���k�1;2 � �k�

� 1

2

@2A��k�
@�2k

xk��k�1;1 � �k���k�1;2 � �k�

� 1

2

@2B1��k�
@�2k

u��k�1;1 � �k���k�1;2 � �k�

� 1

2

@2B2��k�
@�2k

f�pk; �k���k�1;1 � �k���k�1;2 � �k�

� 1

2

@B2��k�
@�k

@fk
@pk
�pk�1;1 � pk���k�1;2 � �k�

� 1

2

@B2��k�
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@pk
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� 1

2
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@fk
@�k
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2
B2��k�

@2fk
@p2

k
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� 1

2
B2��k�

@2fk
@�k@pk

��k�1;1 � �k��pk�1;2 � pk�

� 1

2
B2��k�

@2fk
@pk@�k

�pk�1;1 � pk���k�1;2 � �k�

� 1

2
B2��k�

@2fk
@�2

k

��k�1;1 � �k���k�1;2 � �k� (34)

The second-step matrix coefficients of Eq. (24) are defined as
follows [the coefficients of Eqs. (25) and (26) are similarly derived]:

Mk;2
x � A��k� �

1

2

@A��k�
@�k

��k�1;1 � �k� (35)

Mk;2
� �

@A��k�
@�k

xk �
@B1��k�
@�k

u� @B2��k�
@�k

f�pk; �k�

� 1

2

@A��k�
@�k

�xk�1;1 � xk� �
1

2

�
@2A��k�
@�2k

xk �
@2B1��k�
@�2k

u

� @
2B2��k�
@�2k

f�pk; �k�
�
��k�1;1 � �k�

� 1

2

@B2��k�
@�k

�
@fk
@pk
�pk�1;1 � pk� �

@fk
@�k
��k�1;1 � �k�

�
(36)

Lk;2x �
�
B2��k�

1

2

@B2��k�
@�k

��k�1;1 � �k�
�

(37)

Nk;2p �

@fk
@pk
� 1

2

�
@2fk
@p2

k

�pk�1;1 � pk� �
@2fk
@�k@pk

��k�1;1 � �k�
�

@fk
@pk

2
664

3
775

(38)

Nk;2� �

@fk
@�k
� 1

2

�
@2fk
@pk@�k

�pk�1;1 � pk� �
@2fk
@�2

k

��k�1;1 � �k�
�

@fk
@�k

2
664

3
775

(39)

�k;2x �
h
A��k� �Mk;2

x

i
xk � B1��k�u� B2��k�f�pk; �k�

�Mk;2
� �k �Mk;2

p pk �Mk;2
� �k (40)

The second step results with the approximations xk�1;2, �k�1;2, and
�k�1;2, which are used in the next iteration of the solution process.

B. Quasi Linearization Based on the Kogan Method

The Kogan method for solution of functional equations was
suggested in [23]. It can be obtained from the interpolation function
of Eq. (31) by setting l� 1, rj � 1, aij � 1, �10 � 0, and �11 � 1=2.
The method guarantees the third order of convergence [23]. Similar
to the method of tangent hyperbolas, the first step of the iteration
procedure is an iteration of the classical quasi-linearization
technique. At the second step, the Kogan method leads to the
following approximation of Eq. (21):

_xk�1;2 � A��k�xk � B1��k�u� B2f�pk; �k� � A� ~���xk�1;2 � xk�

� @A���
@�

����
�� ~�

�xk��k�1;2 � �k� �
@B1���
@�

����
�� ~�

�u��k�1;2 � �k�

� @B2���
@�

����
�� ~�

�f� ~p; ~����k�1;2 � �k�

� B2

@f�p; ��
@p

����
p� ~p;�� ~�

��pk�1;2 � pk�

� B2

@f�p; ��
@�

����
p� ~p;�� ~�

���k�1;2 � �k� (41)

where

~�� �k � 1
2
��k�1;1 � �k�; ~p� pk � 1

2
�pk�1;1 � pk�

~�� �k � 1
2
��k�1;1 � �k�

Therefore, the second-step coefficient matrices of Eq. (24) are
defined as
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x � A� ~��

Mk;2
� �

@A���
@�

����
�� ~�

�xk �
@B1���
@�

����
�� ~�

�u� @B2���
@�

����
�� ~�

�f� ~p; ~��
(42)

Nk;2p �
@f�p; ��
@p

����
p� ~p;�� ~�

; Nk;2� �
@f�p; ��
@�

����
p� ~p;�� ~�

(43)

The vector �k;2x is defined according to Eq. (40). The coefficient
matrices for Eqs. (25) and (26) are similarly derived.

The Kogan method does not require computation of the second
derivatives, which is its obvious advantage when compared with the
method of tangent hyperbolas.

VI. Numerical Example

The goal of this numerical study is to demonstrate and validate the
suggested identification technique using an aeroelastic model of a
generic UAV. The presented model contains nonlinear damping of
the control-surface actuator. Nonlinear damping is a typical
nonlinearity of aeroelastic structure originating from structural
components in sliding contact [24] and leading to limit-cycle
oscillations in flight vehicles [25].

A. Test-Case ASE System

The MSC/NASTRAN structural model of the UAV right-hand
side is shown in Fig. 2. The weight of the model is 152 kg. The half-
span of the wing is 4.0m and the uniform chord length is 0.55m. The
4.32-m-long fuselage is modeled by a bar connected to the wing by
elastic and rigid structural elements. The model contains 459 grid
points and 580 structural elements, leading to 2315 free degrees of
freedom. The UAV unsteady aerodynamic model is shown in Fig. 3.
Themodel consists of five aerodynamic panels representing the parts
of the wing (three panels), aileron, and elevator/rudder. All of the
panels are splined to the structural grid points. More details
concerning the UAV models, as well as the results of the stability,
dynamic response, and sensitivity analyses, can be found in [26].

State-space modeling and stability analysis was performed using
the ASE module of ZAERO [27] software with MSC/NASTRAN

[28] aerodynamics. Seventeen generalized aerodynamic force
matrices at reduced frequency values between k� 0:0001 and 3.6,
calculated by MSC/NASTRAN, were exported to ZAERO. The
state-space aeroelastic model of the aircraft is constructed using the
minimum-state method with physical weighting [19] for
aerodynamic approximation. The ASE plant model was obtained
by augmentation of the open-loop aeroelastic model with the state-
space model of the control-surface actuator (the aerodynamic panel
representing the control surface is shadowed in Fig. 3) and with the
equation of the pitch-rate sensor located in the centerline of the
fuselage near the aircraft center of gravity. The third-order transfer
function relating the actuator output �c to servo-commanded control-
surface deflection uac (actuator input) was defined as

�c�s�
uac�s�

� 6751689:0

s3 � 259:97s2 � 66157:39s� 6751689:0
(44)

The resulting state-space ASE plant model includes 28 structural

states � and _�, representing 14 low-frequency symmetric modes
(including two rigid-body heave and pitch modes), 7 aerodynamic

states xa, and 3 actuator states �c, _�c, and ��c, leading to the state-space
vector

x�
h
�T _�

T
xTa �Tc _�

T
c

��
T
c

i
T

of 38 states. A description of the UAV normal modes is presented in
Table 1. Structural damping of g� 0:01 is defined for all
frequencies. Time-domain stability analysis of the open-loop ASE
plant at Mach 0.0 demonstrates a control-surface flutter
(VF � 39:8 m=s and fF � 37:6 Hz) of a relatively high frequency
between the aileron mode and the third wing-bending mode.

The state-space linear model of the ASE plant constructed for an
airspeed of 45 m=s is used for consequent nonlinear modeling. This
model defines the matrices A,B1,C1, andD11 according to Eqs. (13)
and (16). The linear model is supplemented by nonlinear damping of
the control-surface actuator. The actuator is presented in the finite
element model by a spring element located in one of the hinges. The
spring interconnects two grid points (one on the wing side and the
second on the aileron side) in rotation �y. The other rotations and
displacements of these points are interconnected rigidly. The
nonlinear damping of the actuator is defined by Eq. (11) in the form

q� �p3 (45)

where p� � _�ailerony � _�
wing
y � is the relative rotation velocity of the

aileron hinge point, q is the nonlinear damping moment, and ��
10:0 N �m � s3 is the constant parameter.

The relative velocity p of the aileron rotation is expressed as

p� �	ah � 	wh� _�� 	ac _�c (46)

where 	ah and 	wh are the �y structural modes of the aileron and the101
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Fig. 2 UAV structural model.
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Fig. 3 UAV aerodynamic model.

Table 1 Description of UAV normal modes

Mode no. Description

1 Heave
2 Pitch
3 First wing bending
4 First wing fore and aft
5 Second wing bending
6 First wing torsion
7 Fuselage bending
8 Aileron bending
9 Third wing bending with aileron rotation
10 Second wing fore and aft with aileron torsion
11 Tail bending
12 Tail torsion
13 Fourth wing bending with aileron torsion
14 Second wing torsion
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wing hinge points, and 	ac is the control mode of the aileron hinge
point.

This definition of the variablesp and q enables construction of the
matrices B2, C2, D12, D21, and D22 of Eqs. (8–10) according to
Eqs. (18), with 	nh � 	ah � 	wh and 	nc � 	ac.

B. System Response Analysis

At the first stage of analysis, consider several ASE systems with
the linear actuator damping defined by the equation q� �p instead
of by Eq. (45). The pitch-rate time response of these systems to the
actuator step command of 0.1 rad is shown in Fig. 4. The presented
results demonstrate that increase of the damping coefficient �
stabilizes the system. On the other hand, the rise of the � value
increases the oscillations amplitude at the beginning of the response.
This amplitude rise is caused by the damping coupling between the
control surface and the rest of the aircraft structure, which is
represented in the model by the coupling between the structural and
control modes. The damping coupling is introduced into the model
by the feedback of Eqs. (10) and (11); namely, the element 	nc of the
matrix C2 defined by Eqs. (18) is responsible for the modeling of the
damping coupling.

The pitch-rate and the aileron-rotation time responses of the
nonlinear ASE plant obtained using Simulink software are shown in
Figs. 5 and 6 and demonstrate that nonlinear damping leads to stable
limit-cycle oscillations (LCO). The nonlinear damping of Eq. (45)

generates a greater damping moment for the large rates of the aileron
rotation when compared with the linear damping considered earlier.
This leads to greater amplitude of the pitch-rate oscillations at the
beginning of the response (when the aileron-rotation rate is very
large) when compared with the linear system response of Fig. 4.

C. Identification of the Test-Case System

The goal of the test-case system identification is to apply the
developed technique for identification of LFT-interconnected
systems and compare the convergence rate and range of the
suggested quasi-linearization algorithms. Two parameters of the
linear system to be estimated are the (22,8) and (23,9) elements of
matrixA of Eq. (8), which are the eighth and ninth diagonal elements

of the matrix �� �Mhh��1� �Khh�. The parameters to be estimated are
defined by the generalized structural and aerodynamic stiffnesses of
the aileron-bending and the third wing-bending modes (see Table 1)
participating in the flutter mechanism that leads to LCO of the
nonlinear system. These two parameters are included in the vector �.
The nonlinear damping coefficient � is the third parameter to be
estimated. The true values of the estimated parameters are

�1true ��3:4548 � 104 N �m; �2true ��5:4927 � 104 N �m
�true � 10:0 N �m � s3

The fragment of the pitch-rate response of Fig. 5 corresponding to
the time interval of 0–0.05 s is used as the simulatedmeasured output
of the nonlinear system. The measurement data contain 101 evenly
distributed discrete measurements. The measured output and the
corresponding aileron rotation are shown in Figs. 7 and 8. The initial
conditions x0 being used for simulation of the system output are
defined as x0 � 0:02 � x�0:01�, where x�t� is the system state vector
corresponding to the actuator step command of 0.1 rad and zero
initial conditions. These state initial conditions correspond to a small
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Fig. 4 Pitch-rate response of the linear ASE plant.
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deflection of the aileron (about 0.12 deg). The initial guess �0 of the
vector of parameters � is defined as �0 � 1:5 � �true. Several initial
guesses of the parameter � are used in the estimation process to
evaluate the range of convergence of the identification procedures.
The initial guess of the state vector x�t� is defined by solution of
Eqs. (8–11) for zero initial conditions x0�0� � 0 and the initial
guesses of the parameters.

An important stage of system identification is establishing the
system identifiability [29]. The system is identifiable if its parameters
and initial conditions of the states can be estimated uniquely using
input–output measurements. According to Eq. (30), the identifi-
ability requires nonsingularity of the matrix Vk�1;j to be inverted.
This matrix depends on the product

�H k;j�t��k�1;j�t0; t�

The matrix�k�1;j�t0; t� is a sensitivity function of the extended state
vector to the extended vector of initial conditions; that is,

�k�1;j�t0; t� � @zk�t�=@zk�t0�

(see [30]). The product

�H k;j�k�1�t0; t� � @yk�t�=@zk�t0�

is the sensitivity function Yz�t0; t� of the vector of measurements to
the extended vector of initial conditions. The supremum norm of the
components of the sensitivity function Yz�t0; t� calculated for the
initial guesses x0�0� and �0 (defined earlier) and�0 � 20 is presented
in Table 2. Description of the aircraft normal modes presented in
Table 1 indicates that the greatest sensitivities of the pitch-rate output
correspond to the normal modes containing the aileron and tail
deformations. High sensitivity of the state �14 corresponding to the
second wing-torsion mode is caused by a large deformation of the
wingtip area, which includes the aileron as well.

The heave mode is unobservable for the pitch-rate output, and so
the sensitivity of the pitch output to the initial condition for the first
state �1 is zero, as shown in Table 2. This leads to singularity of the
matrix Vk�1. To avoid the singularity, the heave initial condition can
be set to zero and eliminated from the process of estimation, because
it does not influence the system’s measured output. Nevertheless, the
matrix Vk�1 remains close to singular because of the other relatively
small components of the function Yz�t0; t� (the reciprocal condition

number for thematrixVk�1 is of the order of magnitude of 10�26, and
the floating point relative accuracy of computation is 10�16).

To obtain a numerically stable identification process, more
components of the vector x0 should be eliminated from the
estimation procedure. To evaluate the influence of this elimination on
the accuracy of the estimates, the identification procedure was
performed for three sets of estimated initial conditions. The first set is
empty (no initial conditions were estimated). The second set includes
initial conditions of the six states �14, �12, �13, �10, �9, and �8, with the
greatest norm kYzk1 (see Table 2). The third set contains the initial
conditions of the second set, without �12 and �13. The estimation
accuracy was defined by the mean squared value J=N of the error
between the outputs of the plant and the model [see Eq. (5)]. The
mean squared value of the plant output is 7:4838 	 10�3 s�2.
Convergence of the iteration process was established according to
the requirement

kek�1k1 
 10�3

where the components eik�1 of the vector ek�1 were defined as

eik�1 �
�
�ik�1 � �ik

	.
�ik

with �k � � �Tk �Tk �T . Estimation results for the three sets of
estimated initial conditions and the reciprocal of the condition
number, Rcond, for the matrix V1 are presented in Table 3 (the true
values of the parameters are presented for comparison). The
presented results demonstrate that even for the first case, the
estimates are acceptable: the mean squared error is three orders of
magnitude lower than the mean squared plant output, in spite of the
rather inaccurate � estimate. The discrepancy between the estimates
and the true values of the parameters is caused by the difference
between the true values of the nonestimated initial conditions and the
zero values being used in the estimation process. Estimation of the
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Fig. 8 Aileron rotation corresponding to measured data.

Table 2 Supremumnorm of the components of the sensitivity function

Yz�0; t�

No. State State no. kYzk1 No. State State no. kYzk1
1 �14 14 3:64e� 01 22 _�2 16 7:03e � 02

2 �12 12 2:04e� 01 23 �2 2 6:86e � 02
3 �13 13 1:31e� 01 24 _�12 26 6:38e � 02

4 �10 10 8:78e� 00 25 _�13 27 3:65e � 02

5 �9 9 8:31e� 00 26 �3 3 3:23e � 02
6 �8 8 7:42e� 00 27 _�10 24 3:14e � 02

7 xa5 33 5:74e� 00 28 _�9 23 2:74e � 02

8 xa4 32 5:38e� 00 29 _�6 20 2:46e � 02

9 �11 11 3:86e� 00 30 _�8 22 2:33e � 02

10 �7 7 2:64e� 00 31 _� 37 2:32e � 02

11 �6 6 2:30e� 00 32 _�7 21 1:96e � 02

12 � 36 1:99e� 00 33 �1 40 1:47e � 02
13 xa2 30 1:30e� 00 34 _�11 25 1:26e � 02

14 xa3 31 1:18e� 00 35 _�5 19 7:60e � 03

15 xa7 35 6:85e � 01 36 �2 41 3:85e � 03
16 �5 5 6:52e � 01 37 _�3 17 2:79e � 03

17 xa1 29 5:61e � 01 38 _�1 15 1:56e � 03

18 xa6 34 5:52e � 01 39 _�4 18 7:76e � 04

19 _�14 28 1:09e � 01 40 �� 38 6:65e � 05

20 � 39 9:20e � 02 41 �1 1 0:00e� 00
21 �4 4 7:58e � 02

Table 3 Estimation results

Set no. �1, N �m �2, N �m �, N �m � s3 J=N, s�2 Rcond

1 �3:4467 	 104 �5:5484 	 104 9.3846 1:4295 	 10�6 4:9758 	 10�3

2 �3:4437 	 104 �5:6075 	 104 9.9442 2:0426 	 10�7 1:5652 	 10�10

3 �3:4668 	 104 �5:4130 	 104 9.9451 2:3535 	 10�7 6:3137 	 10�10

True �3:4548 	 104 �5:4927 	 104 10.0 0 ——
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initial conditions considerably improves the estimation accuracy, but
reduces the Rcond value. Nevertheless, the obtained Rcond values are
six orders of magnitude greater than the floating point computations
accuracy, which is enough for numerically stable computations. The
third case is selected for consequent analysis because it provides
greater Rcond than, and the same accuracy as, the second case.

Comparing the computational effectiveness of the methods under
consideration, one should take into account that one iteration of a
third-order algorithm contains two steps, and so it is twice as costly as
one iteration of the Bellman–Kalaba method. Hence, the number of
steps (not iterations) required for convergence of the algorithm
should be considered for comparison of computational effectiveness
of the methods. The number of steps for various initial guesses of the
parameter � is presented in Table 4. One can see that all of the
methods diverge for �0 � 5. The region of convergence contains the
initial guesses exceeding the true value of�. The second-order quasi-
linearizationmethod demonstrates convergence to the true parameter
values for �0 
 25: the method of tangent hyperbolas converges for
�0 
 35, and the Kogan method converges for �0 
 40. The further
rise of the �0 values leads to convergence to the solution

�� ��3:768 	 104 �4:586 	 104 �

and �� 20:75. Themean squared value of the error (y � yM) for this
solution is equal to 3:0838 	 10�6, which is three orders of
magnitude smaller than the mean squared value of the plant output,
but one order of magnitude greater than the J=N value for the correct
solution presented in Table 3. The second-order quasi-linearization
algorithm diverges for the � initial guesses of 45 and 50. The results
of Table 3 demonstrate the advantages of the third-order methods in
computational efficiency and in size of the range of convergence.
Comparison of the convergence rate and range of the third-order
algorithms shows that the Kogan method is more effective than the
method of tangent hyperbolas. As pointed out earlier, an additional
advantage of the Kogan method is that it does not require
computation of the second-order derivatives.

Iteration history of the estimation for the case of convergence of all
of the methods to the correct solution is presented in Fig. 9. The
convergence of theBellman–Kalaba and tangent-hyperbolamethods
to the wrong solution is shown in Fig. 10.

VII. Conclusions

The quasi-linearization technique for parametric identification is
extended in this work to enable parameter estimation of LFT-
modeled nonlinear dynamic systems. High-order quasi-linearization
procedures for identification of these systems are developed. The
systems under consideration are modeled by LFT interconnection
containing a linear dynamic system in the feedforward pass and a
static nonlinear element in the feedback loop. The proposed
approach for synthesis of the high-order quasi-linearization
procedures enables construction of a variety of algorithms. It is
applied for synthesis of two third-order-of-convergence procedures
based on the methods of tangent hyperbolas and Kogan for solution
of functional equations. These new algorithms are comparedwith the
second-order-of-convergence classical Bellman–Kalaba quasi-
linearization procedure.

The final section of the paper demonstrates application of the
developed technique using a realistic test-case UAV model with

nonlinear damping of the control-surface actuator. It is shown that
the estimation of parameters and state initial conditions of ASE
systemsmay lead to a singular problem because of relatively small or
zero sensitivities of the measurements to some initial conditions.
These initial conditions were set equal to their initial guesses and
eliminated from the estimation process with minor effect on the
estimates accuracy. Simulation results demonstrate that the range
and rate of convergence of the suggested third-order methods are
greater in comparison with the second-order quasi-linearization
technique. According to this criterion, the Kogan method is more
effective than the method of tangent hyperbolas. An additional
advantage of the Koganmethod is its computational simplicity when
compared with the tangent-hyperbola method.

Appendix A: Matrix Coefficients of the Model

The matrix coefficients of Eqs. (24–26) for j� 1 are defined as
follows:

Table 4 Number of steps required for convergence

of estimation procedure

Initial guess of �

Method 5 20 25 30 35 40 45 50

QL2 Da 10 9 17b 15b 18b Da Da

TH Da 9 9 6 9 16b 12b 10b

Kogan Da 6 7 7 8 8 18b 14b

aDivergence of iteration process.
bConvergence to solution �� ��3:768 	 104 �4:586 	 104� ,
�� 20:75.
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Fig. 9 Convergence of iterative processes for �0 � 20.
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@A��k�
@�k

xk �
@B1��k�
@�k

u� @B2��k�
@�k

f�pk; �k�

Lk;1x � B2��k�

(A1)

Hk;1
x � C1��k�

Hk;1
� �

@C1��k�
@�k

xk �
@D11��k�
@�k

u� @D12��k�
@�k

f�pk; �k�

Lk;1y �D12��k�

(A2)

Gk;1x � C2��k�

Gk;1� �
@C2��k�
@�k

xk �
@D21��k�
@�k

u� @D22��k�
@�k

f�pk; �k�

Lk;1p �D22��k�

(A3)

Nk;1p �
@fk
@pk

; Nk;1� �
@fk
@�k

(A4)

�k;1x � B1��k�u� B2��k�f�pk; �k� �Mk;1
� �k � Lk;1x Nk;1p pk

� Lk;1x Nk;1� �k (A5)

�k;1y �D11��k�u�D12��k�f�pk; �k� �Hk;1
� �k � Lk;1y Nk;1p pk

� Lk;1y Nk;1� �k (A6)

�k;1p �D21��k�u�D22��k�f�pk; �k� � Gk;1� �k � Lk;1p Nk;1p pk
� Lk;1p Nk;1� �k (A7)

The elements of the products containing the derivatives of the system
matrices with respect to vector � [e.g., P� �@B=@��u�] are
calculated as

Pi �
Xd
l�1

�Xm
j�1

@Bij
@�l

uj

�
�l

where i� 1; . . . ; n;n andm are the dimensions of thematrixB; andd
is the number of components of the vector �. This simplified notation
of the products containing multidimensional matrices is used in the
entire paper.

Appendix B: Matrix Coefficients
of the Linearized Model

The matrix coefficients of Eqs. (19) and (20) are defined as
follows:

�M k;j
x � F ‘

�
Mk;j
x Lk;jx

Gk;jx Lk;jp

� �
; Nk;jp

�

�Mk;j
� � F ‘

�
Mk;j
� Lk;jx

Gk;j� Lk;jp

� �
; Nk;jp

�

�Mk;j
� � F ‘

�
Lk;jx Lk;jx
Lk;jp Lk;jp

� �
; Nk;jp

�
Nk;j�

��k;jx � F ‘

�
�k;jx Lk;jx
�k;jp Lk;jp

� �
; Nk;jp

�

�H k;j
x � F ‘

�
Hk;j
x Lk;jy

Gk;jx Lk;jp

� �
; Nk;jp

�

�Hk;j
� � F ‘

�
Hk;j
� Lk;jy

Gk;j� Lk;jp

� �
; Nk;jp

�

�Hk;j
� � F ‘

�
Lk;jy Lk;jy
Lk;jp Lk;jp

� �
; Nk;jp

�
Nk;j�

��k;jy � F ‘

�
�k;jy Lk;jy
�k;jp Lk;jp

� �
; Nk;jp

�

where F ‘��; �� is the notation of LFT.
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